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Abstract

A matrix is negacyclic if it commutes with the matrix P = (pij),
pi,i+1 = 1, i = 0, 1, ⋯, n − 2; pn−1,0 = −1; pij = 0 otherwise. This
remark discusses new weighing matrices and other orthogonal matrices
constructed using negacyclic matrices. Examples are given and a
number of unanswered research questions posed.
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1 Introduction

A type of weighing matrix, of weight n and weight n − 1, called a C-matrix
or conference matrix, was previously studied by Delsarte-Goethals-Seidel
[4]. These can be based on circulant or on negacyclic matrices. We consider
these negacyclic based matrices with weight k ≤ n.

Definition 1.1. Let P , called the “negacyclic shift matrix” be the square
matrix of order n, whose elements pij are defined as follows:

pi,i+1 = 1, i = 0,1, . . . , n − 2,
pn−1,0 = −1,

pij = 0, otherwise.

Any matrix of the form ∑aiP
i, with ai commuting coefficients, will be

called negacyclic.
We see there are similarities but not necessarily sameness between the

properties of circulant/cyclic matrices and negacyclic matrices.

Lemma 1.2. Let P = (pij) of order n be a negacyclic matrix. Then
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(i) The inner product of the first row of P with the ith row of P equals the
negative of the inner product of the first row of P with the (−i + 2)nd
row. That is

n

∑
j=1

p1jpij = −
n

∑
j=1

p1jpn−i+2,j (1)

(This is the negative of the result for circulant/cyclic matrices).

(ii) The inner product of the first row of P with the ith row of P equals the
inner product of the kth row of P with the (i + k − 1)st row of P . That
is

n

∑
j=1

p1jpij =
n

∑
j=1

pkjpi+k−1,j (2)

(This is the same result as for circulant/cyclic matrices).

(iii) Then P of order n satisfies

Pn = −1, P ⊺ = −Pn−1, PP ⊺ = I .

If A = ∑aiP
i, B = ∑ bjP

j and R is the back diagonal matrix, then

AB = BA and A(BR)⊺ = BRA⊺ .

A and BR are amicable matrices.
We now note some other properties of negacyclic matrices which were

shown by L.G. Kovacs and Peter Eades [5]. The second result appears in
Geramita and Seberry [8, 206-207]. We give the proof here to emphasize a
result which appears to have been forgotten.

Lemma 1.3. If A = ∑aiP
i is a negacyclic matrix of odd order n, then

XAX, where X = diag(1,−1,1,−1, . . . ,1), is a circulant matrix.

Lemma 1.4. Suppose v ≡ 0 (mod 2). The existence of a negacyclic N =
W (v, v − 1) is equivalent to the existence of a W (v, v − 1) of the form

[ A B
B⊺ −A⊺] (3)

where A and B are negacyclic of order 1
2n, A

⊺ = (−1)A 1
2
nA. That is the

2-block suitable matrix gives a weighing matrix which is equivalent to a 1-block
matrix.

Proof. First we suppose there is a negacyclic matrix N =W (2n,2n − 1) of
order 2 which is used to form two negacyclic matrices A and B of order 2n
which satisfy

AA⊺ +BB⊺ = (2n − 1)I. (4)
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Let the first row of the negacyclic matrix N be

0x1y1x2y2 . . . yn−1xn

We choose A and B to be negacyclic matrices with first rows

0y1y2 . . . yn−1, and x1x2 . . . xn ,

respectively. If the order n = 2t + 1 is odd and the first rows of A and B are

0a1 . . . at (εtat) . . . (ε1a1) and 1b1b2 . . . bt (δtbt) . . . (δ1b1) ,

with εi = ±1, δj = ±1, then taking the dot product of the first and (i + 1)th
rows, i ≤ t (reducing using xy ≡ x + y − 1 (mod 4)), we obtain

2t − 2i + εi (mod 4) and 2t − 2i + 1 (mod 4) ,

respectively. Hence using equation (4),

εi + 1 ≡ 0 (mod 4) ,

we have εi = −1.
If the order n is even and the first rows of A and B are

0a1 . . . at−1at(εt−1at−1) . . . (ε1a1)

and

1b1b2 . . . bt(δt−1bt−1) . . . (δ1b1),

with εi = ±1, δj = ±1, then taking the dot product of the first and (i+1)th

rows, i ≤ t − 1 (reducing modulo 4), we obtain

2t − 2t − 1 + εi (mod 4) and 2t − 2i + 2bi − 2 (mod 4) ,

respectively. Hence, using equation (4),

εi + 2bi − 3 ≡ 0 (mod 4) ,

and since bi ≠ 0, we have εi = 1.
This means the first row of the original negacyclic matrix of order 2n can

be written as

0x1a1x2a2 . . . xtat1āt(δtxt)āt−1 . . . ā2(δ2x2)ā1(δ1x1) for n odd

and

0x1a1x2a2 . . . at−1xtat(δtxt)at−1 . . . a2(δ2x2)a1(δ1x1) for n even

3



ISSN: 2395-6607, Vol. 2, No. 1 March 2016 	 Journal of Theoretical and Computational Mathematics ♦ 7574 ♦ Journal of Theoretical and Computational Mathematicsr                  ISSN: 2395-6607, Vol. 2, No. 1 March 2016

with δj = ±1 and āi = −ai.
The inner product of the first and (2i−1)th rows, i ≤ t and t−1 respectively,

is
−δi + 1 ≡ 0 (mod 4) and δi + 1 ≡ 0 (mod 4) .

So we have the first rows of A and B

0a1 . . . atāt . . . ā1 and b1b2, . . . bt1bt . . . b2b1 for n odd (5)

and

0a1 . . . at−1atat−1 . . . a1 and b1b2 . . . btb̄t . . . b̄2b̄1 for n even (6)

as required.
It is straightforward to check that negacyclic matrices A and B, which

satisfy AA⊺ + BB⊺ = (2n − 1)In and are of the form (5) and (6), give a
negacyclic matrix W (2n,2n − 1) when formed into first rows

0b1a1b2 . . . btat1ātbt . . . ā1b1, for n odd,

or

0b1a1b2 . . . btatb̄t . . . a1b̄1 for n even.

Example 1.5. The first rows of negacyclic matrices (n,n − 1) of orders 4,
6, 8, and 10, respectively;

0 1 1 − ,
0 1 − 1 1 1

0 1 1 − 1 1 1 −
0 1 1 − 1 − − − − 1 .

are equivalent to the existence of

[0 1
− 0
] , [1 −

1 1
] and

⎡⎢⎢⎢⎢⎢⎣

0 − 1
− 0 −
1 − 0

⎤⎥⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎢⎣

1 1 1
− 1 1
− − 1

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1 1
− 0 1 1
− − 0 1
− − − 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 − 1 −
1 1 − 1
− 1 1 −
1 − 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

and

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1 − −
1 0 1 1 −
1 1 0 1 1
− 1 1 0 1
− − 1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 − − − 1
− 1 − − −
1 − 1 − −
1 1 − 1 −
1 1 1 − 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Comment. Peter Eades [5] and Delsarte-Goethals-Seidel [4] have determined
that the only negacyclic W (v, v − 1) of order v < 1000 have v = pr + 1 where
pr is an odd prime power. On the positive side we know (we omit the proof):
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Theorem 1.6 (Delsarte-Goethals-Seidel [4]). There is a negacyclic W (pr +
1, pr) whenever pr is an odd prime power.

G. Berman [2] has led us to believe that many results of a similar type to
those found for circulant matrices can be obtained using negacyclic matrices.
Negacyclic matrices are curiosities because of their properties and potential
exhibited in Lemma 1.4 and Example 1.7.

Example 1.7. The four negacyclic matrices

A1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 − 0 0 0
0 1 − 0 0
0 0 1 − 0
0 0 0 1 −
1 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

A2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 − − 0
0 1 1 − −
1 0 1 1 −
1 1 0 1 1
− 1 1 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

A3 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 − 0 0 1
− 0 − 0 0
0 − 0 − 0
0 0 − 0 −
1 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

A4 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 − 0 0 0
0 0 − 0 0
0 0 0 − 0
0 0 0 0 −
1 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

satisfy
A1A

⊺
1 +A2A

⊺
2 +A3A

⊺
3 +A4A

⊺
4 = 9I .

They can be merged to form two negacyclic matrices

B1 =
⎡⎢⎢⎢⎢⎢⎣

1 0 − − 0 0 0 0 0 1
− 1 0 − − 0 0 0 0 0

etc.

⎤⎥⎥⎥⎥⎥⎦

B2 =
⎡⎢⎢⎢⎢⎢⎣

1 0 1 − − 0 − 0 0 0
0 1 0 1 − − 0 − 0 0

etc.

⎤⎥⎥⎥⎥⎥⎦

which satisfy
B1B

⊺
1 +B2B

⊺
2 = 9I .

These can be further merged to obtain the first row of a negacyclic W (20, 9):

1 1 0 0 − 1 − − 0 − 0 0 0 − 0 0 0 0 1 0.

Negacyclic matrices are worthy of further existence searches. The question
of when negacyclic matrices can be decomposed as in Example 1.7 is open
for further research.
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2 Constructions

Suitable (plug-in) matricesX1,X2,X3,X4,⋯Xt are tmatrices of order n, with
elements ±1 which satisfy the additive property, ∑t

i=1XiX
⊺
i = constant times

the identity matrix. They are suitable if they satisfy other equations which
enable them to be substituted into a plug-into array to make an orthogonal
matrix. Xia, Xia and Seberry [26] show 4-suitable plug-in negacyclic matrices
of odd order exist if and only if 4-suitable plug-in circulant matrices exist for
the same odd order. 4-suitable negacyclic matrices of order n, may be used
instead of 4-suitable circulant matrices, in the Goethals-Seidel plug-into array
[9], construct Hadamard matrices of order 4n. Other useful plug-into arrays
are due to Kharaghani, Ito, Spence, Seberry-Balonin and Wallis-Whiteman
[18, 15, 16, 22, 21, 24].

In computer searches, for some even orders, 2-suitable or 4-suitable
negacyclic matrices have proved easier to find. This experimental fact
has been used extensively by Holzmann, Kharaghani and Tayfeh-Rezaie
[13, 14, 7, 6, 20] to complete searches for OD’s in orders 24, 46, 48, 56, and
80. We note that if there are 2-suitable negacyclic matrices of order n and
Golay sequences of order m, there are 2-suitable matrices of order mn.

This means a negacyclic matrix may give 2-suitable and 4-suitable plug-in
matrices to use in plug-into arrays to make larger orthogonal matrices.

From Table 1 there exist W (12, k) constructed using two negacyclic
matrices of order 6 for k = 1,2,4,5,6,7,8,10,12. From Delsarte-Goethals-
Seidel [4], there exists 0,±1 negacyclic W (12, 11). From Table 2 there exists
W (12, k) constructed via 4 negacyclic matrices of order 3 for k = 1, 2, . . . , 12.

Table 1: First rows of W (12, k) constructed from two negacyclic matrices of
order 6

k First Rows

1 1 0 0 0 0 0 ; 06
2 1 05 ; 1 05
3 1 0 0 1 0 ; 1 05
4 1 1 04 ; 1 − 04
5 1 1 − 03 ; 1 0 1 03
6 0 1 1 1 − 1 ; 06
6 0 1 1 1 − 1 ; 1 05

k First Rows

7 0 1 1 1 − 1 ; 1 0 0 1 0 0
8 1 1 − 1 04 ; 1 1 1 − 04
9 ? ; ?

10 0 1 1 1 − 1 ; 0 1 1 1 − 1
12 1 1 1 1 − 1 ; − 1 1 1 − 1

Remark. The question of which W (4n, k) can be constructed using two
negacyclic 0,±1 matrices of order 2n has yet to be resolved.

It is easy to see that there exist W (2n, k) constructed from 2 negacyclic
matrices of order n whenever there exist two 0, ±1 sequences of length n and
weight k with NPAF zero.
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Table 2: First rows of negacyclic matrices, order 3 for the Goethals-Seidel array

1,1,1,1 a00, 000, c00, d00 (as for cyclic)
1,1,1,4 a00, b00, cdd, 0dd̄
1,1,1,9 add, bdd, cdd, dd̄d
1,1,2,2 a00, b00, cd0, cd̄0 (as for cyclic)
1,1,2,8 add, bdd, cdd̄, cd̄d
1,1,4,4 acc, acc̄, bdd 0bb̄
1,1,5,5 acc, bdd, cdd̄, cd̄c
1,2,2,4 add̄, 0dd̄, bc0, bc̄0
1,2,3,6 add, cdd̄, cd̄b, cd̄b̄
2,2,2,2 ab0, ab̄0, cd0, cd̄0 (as for cyclic)
2,2,4,4 ac̄d, acd̄, bcd̄, bc̄d
3,3,3,3 abc b̄ad c̄d̄a d̄cb̄ (as for cyclic)

3 Applications

In [1], 4-suitable negacyclic matrices are used to construct new orthogonal
bipolar spreading sequences for any length 4 (mod 8) where the resultant sets
of sequences possess very good autocorrelation properties that make them
amenable to synchronization requirements. In particular, their aperiodic
autocorrelation characteristics are very good.

It is well known, e.g. [23, 25], that if the sequences have good aperiodic
cross-correlation properties, the transmission performance can be improved
for those CDMA systems where different propagation delays exist. Orthog-
onal bipolar sequences are of a great practical interest for the current and
future direct sequence (DS) code-division multiple-access (CDMA) systems
where the orthogonality principle can be used for channels separation, e.g. [1].
The most commonly used sets of bipolar sequences are Walsh-Hadamard se-
quences [23], as they are easy to generate and simple to implement. However,
they exist only for sequence lengths which are an integer power of 2, which
can be a limiting factor in some applications. The overall autocorrelation
properties of the modified sequence sets are still significantly better than
those of Walsh-Hadamard sequences of comparable lengths.

3.1 Combinatorial Applications

For combinatorial applications see [10, 3, 2, 19, 17].
We also see from papers [11, 12, 13, 14] that OD’s in orders 24, 40, 48,

56, 80, that had proved difficult to constructed using circulant matrices were
found using negacyclic matrices.
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